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A NEW PROOF OF THE GEOMETRIC-ARITHMETIC MEAN
INEQUALITY BY CAUCHY’S INTEGRAL FORMULA
FENG QI, XIAO-JING ZHANG, AND WEN-HUI LI
Abstract. Let a = (a1, a2, . . . , an) for n ∈ N be a given sequence of posi-
tive numbers. In the paper, the authors establish, by using Cauchy’s integral
formula in the theory of complex functions, an integral representation of the
principal branch of the geometric mean
Gn(a + z) =
[
n∏
k=1
(ak + z)
]1/n
for z ∈ C \ (−∞,−min{ak , 1 ≤ k ≤ n}], and then provide a new proof of the
well known GA mean inequality.
1. Introduction
Let a = (a1, a2, . . . , an) for n ∈ N, the set of all positive integers, be a given
sequence of positive numbers. Then the arithmetic and geometric means An(a)
and Gn(a) of the numbers a1, a2, . . . , an are defined respectively as
An(a) =
1
n
n∑
k=1
ak (1.1)
and
Gn(a) =
(
n∏
k=1
ak
)1/n
. (1.2)
It is common knowledge that
Gn(a) ≤ An(a), (1.3)
with equality if and only if a1 = a2 = · · · = an.
There has been a large number, presumably over one hundred, of proofs of
the GA mean inequality (1.3) in the mathematical literature. The most complete
information, so far, can be found in the monographs [1, 2, 3, 4, 5, 6] and a lot of
references therein.
In this paper, we establish, by using Cauchy’s integral formula in the theory of
complex functions, an integral representation of the principal branch of the geo-
metric mean
Gn(a+ z) =
[
n∏
k=1
(ak + z)
]1/n
(1.4)
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for z ∈ C \ (−∞,−min{ak, 1 ≤ k ≤ n}], and provide a new proof of the GA mean
inequality (1.3).
2. Lemmas
In order to prove our main results, we need the following lemmas.
Lemma 2.1. For z ∈ C \ (−∞,−min{ak, 1 ≤ k ≤ n}], the principal branch of the
complex function
fn(z) = Gn(a+ z)− z, (2.1)
where a+ z = (a1 + z, a2 + z, . . . , an + z), meets
lim
z→∞
fn(z) = An(a). (2.2)
Proof. By L’Hoˆspital’s rule in the theory of complex functions, we have
lim
z→∞
fn(z) = lim
z→∞
{
z
[
Gn
(
1 +
a
z
)
− 1
]}
= lim
z→0
Gn(1 + az)− 1
z
= lim
z→0
d
dz
[
n∏
k=1
(1 + akz)
]1/n
= An(a),
where 1+ az =
(
1+ a1z , 1+
a2
z , . . . , 1+
an
z
)
and 1+az = (1+a1z, 1+a2z, . . . , 1+anz).
Lemma 2.1 is thus proved. 
Lemma 2.2. For z ∈ C \ (−∞, 0] and a = (a1, a2, . . . , an) satisfying aℓ ≤ aℓ+1 for
1 ≤ ℓ ≤ n− 1, let
hn(z) = Gn(a− a1 + z)− z, (2.3)
where a− a1+ z = (z, a2− a1+ z, . . . , an− a1+ z). Then the imaginary part of the
principal branch of hn(z) meets
lim
ε→0+
ℑhn(−t+ iε) =


[
n∏
k=1
|ak − a1 − t|
]1/n
sin
ℓπ
n
, t ∈ (aℓ − a1, aℓ+1 − a1]
0, t > an − a1
(2.4)
for 1 ≤ ℓ ≤ n− 1.
Proof. For t = aℓ+1 − a1 for 1 ≤ ℓ ≤ n− 1, we have
hn(−t+ iε) = exp
[
1
n
n∑
k 6=ℓ+1
ln(ak − a1 − t+ iε) +
1
n
ln(iε)
]
+ t− iε
= exp
[
1
n
n∑
k 6=ℓ+1
ln(ak − a1 − t+ iε)
]
exp
[
1
n
(
ln |ε|+
π
2
i
)]
+t− iε
→ exp
[
1
n
n∑
k 6=ℓ+1
ln(ak − a1 − t)
]
lim
ε→0+
exp
[
1
n
(
ln |ε|+
π
2
i
)]
+t
= t
as ε→ 0+. Hence, when t = aℓ+1 − a1 for 1 ≤ ℓ ≤ n− 1, we have
lim
ε→0+
ℑhn(−t+ iε) = 0.
A NEW PROOF OF THE GEOMETRIC-ARITHMETIC MEAN INEQUALITY 3
For t ∈ (0,∞) \ {aℓ+1 − a1, 1 ≤ ℓ ≤ n− 1} and ε > 0, we have
hn(−t+ iε) = Gn(a− a1 − t+ iε) + t− iε
= exp
[
1
n
n∑
k=1
ln(ak − a1 − t+ iε)
]
+ t− iε
= exp
{
1
n
n∑
k=1
[ln |ak − a1 − t+ iε|+ i arg(ak − a1 − t+ iε)]
}
+ t− iε
→


exp
(
1
n
n∑
k=1
ln |ak − a1 − t|+
ℓπ
n
i
)
+ t, t ∈ (aℓ − a1, aℓ+1 − a1)
exp
(
1
n
n∑
k=1
ln |ak − a1 − t|+ πi
)
+ t, t > an − a1
=


(
n∏
k=1
|ak − a1 − t|
)1/n(
cos
ℓπ
n
+ i sin
ℓπ
n
)
+ t, t ∈ (aℓ − a1, aℓ+1 − a1)(
n∏
k=1
|ak − a1 − t|
)1/n
(cos π + i sinπ) + t, t > an − a1
as ε→ 0+. As a result, we have
lim
ε→0+
ℑhn(−t+ iε) =


(
n∏
k=1
|ak − a1 − t|
)1/n
sin
ℓπ
n
, t ∈ (aℓ − a1, aℓ+1 − a1);
0, t > an − a1.
The proof of Lemma 2.2 is completed. 
3. An integral representation of the geometric mean
Now we are in a position to establish an integral representation of the geometric
mean Gn(a+ z).
Theorem 3.1. Let 0 < ak ≤ ak+1 for 1 ≤ k ≤ n − 1 and a + z = (a1 + z, a2 +
z, . . . , an + z) for z ∈ C \ (−∞,−a1]. Then the principal branch of the geometric
mean Gn(a+ z) has the integral representation
Gn(a+ z) = An(a) + z −
1
π
n−1∑
ℓ=1
sin
ℓπ
n
∫ aℓ+1
aℓ
∣∣∣∣∣
n∏
k=1
(ak − t)
∣∣∣∣∣
1/n
dt
t+ z
. (3.1)
Proof. By standard arguments, it is not difficult to see that
lim
z→0+
[zhn(z)] = 0 and hn(z) = hn(z). (3.2)
For any but fixed point z ∈ C \ (−∞, 0], choose 0 < ε < 1 and r > 0 such that
0 < ε < |z| < r, and consider the positively oriented contour C(ε, r) in C \ (−∞, 0]
consisting of the half circle z = εeiθ for θ ∈
[
−π2 ,
π
2
]
and the half lines z = x ± iε
for x ≤ 0 until they cut the circle |z| = r, which close the contour at the points
−r(ε)± iε, where 0 < r(ε)→ r as ε→ 0. By the famous Cauchy’s integral formula
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in the theory of complex functions, we have
hn(z) =
1
2πi
∮
C(ε,r)
hn(w)
w − z
dw
=
1
2πi
[∫ −π/2
π/2
iεeiθh
(
εeiθ
)
εeiθ − z
dθ +
∫ arg[−r(ε)+iε]
arg[−r(ε)−iε]
ireiθh
(
reiθ
)
reiθ − z
dθ
+
∫ 0
−r(ε)
hn(x+ iε)
x+ iε− z
dx+
∫ −r(ε)
0
hn(x− iε)
x− iε− z
dx
]
.
(3.3)
By the limit in (3.2), it follows that
lim
ε→0+
∫ −π/2
π/2
iεeiθhn
(
εeiθ
)
εeiθ − z
dθ = 0. (3.4)
By virtue of the limit (2.2) in Lemma 2.1, we deduce that
lim
ε→0+
r→∞
∫ arg[−r(ε)+iε]
arg[−r(ε)−iε]
ireiθhn
(
reiθ
)
reiθ − z
dθ = lim
r→∞
∫ π
−π
ireiθhn
(
reiθ
)
reiθ − z
dθ
= 2An(a− a1)πi,
(3.5)
where a− a1 = (0, a2 − a1, . . . , an − a1). Utilizing the second formula in (3.2) and
the limit (2.4) in Lemma 2.2 results in
∫ 0
−r(ε)
hn(x+ iε)
x+ iε− z
dx+
∫ −r(ε)
0
hn(x− iε)
x− iε− z
dx
=
∫ 0
−r(ε)
[
hn(x+ iε)
x+ iε− z
−
hn(x− iε)
x− iε− z
]
dx
=
∫ 0
−r(ε)
(x− iε− z)hn(x+ iε)− (x+ iε− z)hn(x− iε)
(x+ iε− z)(x− iε− z)
dx
=
∫ 0
−r(ε)
(x− z)[hn(x+ iε)− hn(x− iε)]− iε[hn(x− iε) + hn(x+ iε)]
(x+ iε− z)(x− iε− z)
dx
= 2i
∫ 0
−r(ε)
(x− z)ℑhn(x + iε)− εℜhn(x + iε)
(x+ iε− z)(x− iε− z)
dx
→ 2i
∫ 0
−r
limε→0+ ℑhn(x+ iε)
x− z
dx
= −2i
∫ r
0
limε→0+ ℑhn(−t+ iε)
t+ z
dt
→ −2i
∫ ∞
0
limε→0+ ℑhn(−t+ iε)
t+ z
dt
= −2i
n−1∑
ℓ=1
sin
ℓπ
n
∫ aℓ+1−a1
aℓ−a1
[
n∏
k=1
|ak − a1 − t|
]1/n
dt
t+ z
(3.6)
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as ε→ 0+ and r →∞. Substituting equations (3.4), (3.5), and (3.6) into (3.3) and
simplifying generate
hn(z) = An(a− a1)−
1
π
n−1∑
ℓ=1
sin
ℓπ
n
∫ aℓ+1−a1
aℓ−a1
[
n∏
k=1
|ak − a1 − t|
]1/n
dt
t+ z
. (3.7)
From fn(z) = hn(z + a1) + a1 and (3.7), it is immediate to deduce that
fn(z) = An(a− a1) + a1 −
1
π
n−1∑
ℓ=1
sin
ℓπ
n
∫ aℓ+1−a1
aℓ−a1
[
n∏
k=1
|ak − a1 − t|
]1/n
dt
t+ z + a1
= An(a)−
1
π
n−1∑
ℓ=1
sin
ℓπ
n
∫ aℓ+1
aℓ
[
n∏
k=1
|ak − t|
]1/n
dt
t+ z
,
from which the integral representation (3.1) follows. Theorem 3.1 is proved. 
4. A new proof of the GA mean inequality
With the aid of the integral representation (3.1) in Theorem 3.1, we can easily
deduce the GA mean inequality (1.3) as follows.
Taking z = 0 in the integral representation (3.1) yields
Gn(a) = An(a)−
1
π
n−1∑
ℓ=1
sin
ℓπ
n
∫ aℓ+1
aℓ
[
n∏
k=1
|ak − t|
]1/n
dt
t
≤ An(a).
From this, it is also obvious that the equality in (1.3) is valid if and only if a1 =
a2 = · · · = an. The proof of the GA mean inequality (1.3) is complete.
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